Self-dual Einstein spaces are shown to admit an infinite hierarchy of conservation laws, and this hierarchy is then used to derive a formal version of Penrose's twistor construction. The set of formal holomorphic bundles of fiber dimension 2 over the Riemann sphere P 1 is shown to form a formal infinite group which is used to derive nonlinear superposition principles. As an example of our methods a new self-dual Einstein space is obtained as the result of a "collision" of complex ppwaves "traveling in opposite directions."
I. INTRODUCTION
Several years ago the authors 1 showed that the complexified self-dual Einstein spaces (or H-spaces) have associated with them a hierarchy of closed one-forms or, in the language of partial differential equations, conservation laws (or first integrals). After checking the existence of 14 closed one-forms, we conjectured that the hierarchy was, in fact, infinite. In this article we use the intrinsic calculus of lifts to higher-order tangent bundles to prove this conjecture and then use the hierarchy to deduce formally Penrose's curved twistor construction. 2 We construct a formal symplectic structure on the space offormal holomorphic curves. The existence of an infinite number of conservation laws then allows us to characterize self-dual structures as certain maximal isotropic submanifolds of complex dimension 4. Penrose's twistor construction in our formulation becomes the symplectic fact that maximal isotropic submanifolds can be described locally as the graph of certain formal twisted canonical transformations. It is then shown that these formal twisted canonical transformations form a formal infinite group which is used to derive nonlinear superposition principles for the nonlinear graviton.
The methods used in this paper offer several new insights into the curved twistor construction: First, since we avoid the use of infinitesimal deformation theory, our methods may be more amenable to developing a global theory which would entail a study of the global behavior of the maximal isotropic submanifolds. Furthermore, we give an independent proof of the fact that, under certain locality assumptions, the space of holomorphic curves of curved twistor space is a four-complex-dimensional manifold.
Second, since we represent self-dual structures as a certain formal infinite group, all of the power of group theoretical methods may be brought to bear on the problem. The relevant group which we call the group of twisted canonical transformations is isomorphic to an abelian extension of the formal group G ® c [[t,t -1] ], where G is the formal group of volume-preserving formal diffeomorphisms of C
•
The Lie algebra of G ® C [ [t,t -1] ] is a Kac-Moody type algebra but with the Lie algebra of G the Lie algebra of formal divergence-free vector fields on C 2. There is thus a formal analogy with Arnold's3 description of hydrodynamics in terms of mechanics on G, and it would be interesting to see how the method of coadjoint orbits applies to our case.
Third and finally, our approach to the self-dual Einstein equations using conservation laws and infinite groups provides a much closer connection with other important problems of mathematical physics, namely the soliton evolution equations, the two-dimensional chiral models, the axial symmetric stationary Einstein equations, as well as the selfdual Yang-Mills equations. The main thrust of these examples including the twistor construction is that the problem of solving certain nonlinear partial differential equations is transformed into a problem involving patching together holomorphic data. Moreover, there appears to be a deep relationship between this transform and both the theory of infinite-dimensional Lie algebras and the theory of hoI om orphic curves.
It is hoped that the methods developed in this paper can eventually be applied to the problem of solving the real Einstein equations. Although we are still far from realizing this goal, we believe it quite plausible that some remnant of our nonlinear superposition principle will survive when constructing real Einstein spaces. In 1975 Plebailski 4 showed that the self-dual Einstein equations could be reduced locally to solving the one nonlinear partial differential equation
II. THE DIFFERENTIAL EQUATIONS AND CONSERVATIONS LAWS
where subindices t/qB denote partial derivatives with respect to these variables. Here we are employing spinor coordinates (t/lt), A = 1,2 for the complex space-time C
•
The indices for these coordinates as with all other spinor quantities are to be raised and lowered by using the totally antisymmetric Levi-Civita symbols E AB , ~B, where EI2 = EI2 = 1. Our convention is thus qA = EABqB, ~ = ~AqB' where we also use summation over repeated indices.
Equation ( 
The latter form using the potential 8 and Eq. (3) has proved to be very efficient in finding explicit self-dual Einstein metrics (cf. Ref. 7 and references therein). However, the former with the l1-potential is more geometric. Indeed, it is immediate from the form of the metric that the two-dimensional surfaces defined by t/ = const or ~ = const are null surfaces. Furthermore, they are totally geodesic. These totally geodesic null two-surfaces will play an extremely important role in what follows. Penrose has shown 2 that through every point (t/,~) there is a complex projective plane's worth of totally geodesic null two-surfaces. This lies at the heart of the twistor construction.
We shall now introduce a working definition of self-dual structure on the complexified space-time M. We assume for simplicity8 that M is the direct product of twodimensional complex manifolds, i.e. We refer to the triple of closed two-forms (w,m,fl o ) satisfying (7) as a self-dual structure on M. Notice that flo uniquely determines the metric (5).
III. HIGHER-ORDER TANGENT BUNDLES
Let M be any complex manifold and define the rthorder tangent bundle lO of r-jets of holomorphic curves from the origin in C to anywhere in M. Let TOO M denote the inverse limit of the T'M. For any holomorphic functionlon M, we can define theA th lift 10
wherej, 0 tI denotes the r-jet of tI. Similarly, we can lift tensor fields to T'M. For example, for vector fields, define
X ()..) I(v) = (XI)().. + v -,) if A + v>r and zero otherwise, and one-forms by w()..)(X(V)) = liJ(X)()..+ v-,)
if A + v>r and zero otherwise. Extend this operation to the full exterior bundle on T'M by C-linearity and the formula )..
We refer toX ().. ) andliJ()..) as theA th lift of X andw, respectively. In particular, we will be interested in two-forms on T'M and TOOM. Indeed, one easily verifies the following proposition.
Now consider a one-complex-parameter family ofholomorphic two-forms on T'M, 
IV. SYMPLECTIC GEOMETRY ON THE SPACE OF CURVES
The space TOO M can be thought of as the space of parametrized formal curves on M (in the sense of formal power series). Now suppose M = M2 XM 2 (or more generally M has a local product structure), then there is a splitting of the rth-order tangent bundle. Indeed, in the inverse limit we have (11) wherep( p) denotes the projection ontoM 2 (M 2 ), respectively. We can turn T "" M into a formal symplectic manifold as follows. First, consider T "" M2 and the formal two-form
~ k=O where tr": T "" M2 __ TkM2 is the natural projection.
For any complex manifold M a holomorphic section w of the bundle
, where w is a closed nondegenerate formal two-form, is called ajormal symplectic manifold. It is easy to see that T "" M 2 with W2( t ) given by ( 12) is a formal symplectic manifold. Furthermore, one easily sees that if (T "" M 2 ,W2(t)) and (T "" M 2 ,iij2(S)) are formal symplectic manifolds, then so is
where 1T and .;;. denote the projections onto T "" M2 and T""M 2 , respectively. Now we can identify T""M 2 XT""M 2 '.::::f.
T""(M 2 xM 2 )'.::::f.T""M '.::::f.p*T""M2X p*T""M 2 . Let us define w(t) = t -lp *W 2 (t ) -tp*W2(t -I). (13)
Then we have the following proposition.
Proposition 2: (T "" M,w(t)) is a formal symplectic manifold. In order to condense the notation we shall no longer write ~ in the pullback of forms to higher-order tangent spaces. Thus we shall consider W(A) to be "living" on any T'M2 with r>A including r = 00. This should cause no confusion as it should be clear from the context which tangent bundle we are working on. We shall be interested in the twoform a*w(l) on M, for a holomorphic section a:M--T "" M. We remark that fixing the two-form a*w(l) on M there is still freedom'in the choice of that part of a which has its image in the fibers of T "" M __ TM.
We present our main result of this section. Theorem 2: Let a: M--T "" M be a holomorphic section.
The triple (w,iij,no) Remark: The theorem asserts that the self-dual structure on M is coded into T "" M by the graph of a being an isotropic submanifold. In fact, it can be shown that it is maximal isotropic in the sense that it is not contained in a larger isotropic submanifold. II Hence, every self-dual structure on M defines an isotropic immersion of M into the space of formal holomorphic curves.
Proof: Let a: M--T "" M be a holomorphic section such that a*w(t) = O. We will construct a self-dual structure on M. To do so we need only consider second-order objects, i.e., T2M. This corresponds to the coefficients of to,
The two-form no: = !a*w(i) is a closed two-form on M which by Eqs. (14) must have the form (6). We show that (7) holds by virtue of the second ofEqs. (14) . From (9) we have the identity
The second equation of (14) implies a*w (2 ) = iij. Thus using the identity above, we have w /\ iij = -!a*(wll) /\ wi!)) = -2!1~. Conversely (6) implies the first ofEqs. (14), and we can retrace our steps to show that (6) and (7) imply a*(w I2 ) -w IO ») /\ w = O. By the freedom of choice of a along thefibersofT 2 M 2 --TM 2 wecanchoosea*w(2) = a*iij(O). We need to show that we can choose a such that the remaining coefficients of a*w(t) vanish. We first notice that the map sending tt 4 and t __ t -I is an involution of our structure.
Thus the tilded version oft 14) follows from (14). To complete the proof of the theorem it suffices to prove the following lemma.
Lemma 
Using this and (14) gives 
. With this choice of *), 11 (0) = 11, 11 (1) =.I, 11( -1) =~, 11(2) = e, and 11 ( -2) = e.
V. THE CURVED TWISTOR CONSTRUCTION
We shall show how the theorem of the previous section can be used to derive Penrose's curved twistor or nonlinear graviton construction.
2 (A good reference for the twistor construction is Wells. 12) This is based on the following fact from symplectic geometryll: Consider a symplectic manifold (M,w) and definew-= -w. Here (M,w-) is also a symplectic manifold. Furthermore, if 11"1(11"2) 
F*W2(t -1) = t -2 W2 (t).
Conversely, if (18) is satisfied then we can construct a global non degenerate closed holomorphic section J.l of &(2) . Finally, we must demand that the normal bundle N", to a section t/J of v is isomorphic to the direct sum of two copies of the hyperplane bundle, i.e., N", f.lltMt) = ~d~(t)/\dt/JA(t) = q*w 2 (t).
(19)
Thus (18) implies (16) Our previous discussion suggests that we should consider the twistor construction formally, i.e., we consider the holomorphic functions FA of (17) to be understood in the sense of formal power series (formal Laurent series in t). Thus corresponding to every such formal transition function F satisfying (18) we construct a formal holomorphic bundle Yon P I. As mentioned previously we can identify gr Fwith a formal holomorphic section q: S~T 00 M IS over some open submanifold SCM such that q*w(t) = O. This corresponds formally to a self-dual structure on S.
VI. THE GROUP OF FORMAL TWISTED CANONICAL TRANSFORMATIONS
In this section we shall give a brief description of a group theoretical treatment of formal twistor theory. This appears to be an important first step in constructing a viable nonlinear superposition principle for the nonlinear graviton.
In order not to entangle ourselves in problems of convergence we work formally. At this stage algebraic properties are of foremost importance.
Consider e 3 with complex Cartesian coordinates (zA ,t ) = (Zl,r ,t ) . Denote by e 3 -e 2 the complex submanifold of e 3 obtained by deleting the hyperplane t = O. Let g denote the set of all formal diffeomorphisms from e 3 -e 2 into itself, and Ctf the subset of g satisfying (17) and (18), where the FA'S are understood as formal power series on e 3 -e 2 (thus formal Laurent series in t). An elementFe'G' is called a twisted canonical transformation. Notice that Ctf is not a subgroup of g since it does not contain the identity diffeomor-phism. However, in 1f there is a distinguished element /" defined by
/"(zA,t) = (t -lzA,t -I). (20a)
Clearly, F = idePfi. We give 1f the structure of a formal group by defining the composition of two elements F', Fe1f by
where 0 denotes composition as formal diffeomorphisms. One easily checks that the relation (20) is associative and that F -/" = /" -F = F, i.e., /" is the identity element of the group. The inverse element of Fis /"oF -10 /". Each element Fe1f determines a formal holomorphic bundle Y on p I of rank 2, i.e., fiber dimension 2. Let f!J) denote the set of formal rank 2 holomorphic bundles on P I. We can give f!J) the structure of a group by defining T'-T to be the bundle determined by the formal transition function F'-Fe1f. The identity in f!J) is the bundle Yo determined by /" e1f whose total space is the direct sum of two copies ofthe hyperplane bundle, i.e., Yo = &(1) $ &(1). Clearly as groups, 1f and f!J) are isomorphic.
Our next result characterizes 1f in terms of a "KacMoody-type" group. Consider the formal group GL(2,C) ® C[(zA ,t,t -In and the subset SL(2,C)t ® C[(zA ,t,t -In consisting of all AeGL (2,C) ® C [(zA ,t,t -In such that detA = t -2. This is not a subgroup of GL(2,C) ® C[(zA ,t,t -In; however, we can give SL(2,C)t ® C[(zA ,t,t -In the structure ofa formal group by defining group multiplication by A -B = tA·B, A, BeSL(2,C)t ® C [(zA ,t,t -In, whereA·B means matrix multiplication as matrices of formal series. We can easily verify the following proposition.
Proposition 3: The map p : SL(2,C)t ® C [ [zA ,t,t -I] ] _SL(2,C) ® C [(zA ,t,t -In defined by pIA ) = tA is a group isomorphism. Now consider the "Jacobian map" J: 1f -SL(2,C)t ® C [(zA ,t,t - In defined by sendingFe~ to the Jacobian ma-
Here, J is a group homomorphism, for
The kernel of J consists of the "translations" defined by Remark: (1) The translation subgroup ker Jis trivial in the sense that if F' = T -F, where Teker J, then F' and F determine equivalent self-dual structures. Therefore the group SL(2,C) ® [ [zA,t,t -I] ] is the essential part.
(2) As mentioned previously for any Fe1f whose holomorphic curves have NtP~&(I) $ &(1), we can associate a formal holomorphic section 0': S-T 00 M Is by 0' = gr F which annihilates w(t). Composition of canonical transformations corresponds to composition of canonical relations, i.e., the maximal isotropic submanifolds, see Ref. 11 . But to each point of S, 0' associates a holomorphic curve, thus the composition of canonical relations can be interpreted as a composition of holomorphic curves. The advantage of canonical relations over canonical transformations is that they make sense even when 0' is not a graph (as long as a certain transversality condition holds II). Canonical relations should be important for constructing a global theory.
(3) The group ~ can be thought of as a group offormal curves as follows: The map defined by zA = FA(~,t) associates to each teUf!"lU 00 a formal diffeomorphism ofC 2 with Jacobian determinant t -2. We thus have a map f: U f!"lU 00 -Form Diff C 2 whose image is isomorphic to the group offormal volume-preserving diffeomorphisms (or canonical transformations) of C 2 which we denote by G. eSL(2,C)t is the transition function for the normal bundle to t/J(P I). N onsingular self-dual structures (i.e., dim S = 4) have N tP ~ & (1) $ & (1) and this condition is preserved under group composition.
VII. AN EXAMPLE: COLLIDING pp-WAVES
Let us illustrate the ideas of the preceding sections by studying a simple but nontrivial example-the complex ppwaves.4.14.15 Consider the subgroup .Ji'/ L of 1f consisting of all twisted canonical transformations whose Jacobian matrices have the form
where F' is an arbitrary function. It is a simple task to compute the holomorphic curves
where F' is the integral of F with respect to the first argument. The first equation is the projective line
Substituting this into the second equation and equating powers we can compute the function (using some gauge freedom) c. P. Boyer and J. F. Plebal'lski (23) where H is an arbitrary function determined from F. This gives the metric for the complex pp-waves.
The group .sf L is abelian and amounts to addition of functions Fin Eqs. (21) and (22), and addition of arbitrary functions H in the function n; and hence in the metric. Furthermore, the variables ql, ql are the complex analogs of waves traveling, say, from left to right. Thus the abelian subgroup.sf L describes the linear superposition of these waves. They are "noninteracting" plane waves.
Now there is another representation of the pp-waves by the abelian subgroup.sf u of upper triangular matrices of the form aa~ = (~-I ~~~,t)).
(24)
Similarly one obtains the n function (and hence the metric) n = EAB qA1jl +K( q2,1/) . (25) This represents plane waves traveling from right to left. Again they are noninteracting and have a linear superposition principle. However our theorems guarantee that the composition F *G describes another self-dual Einstein space. namely that determined by the holomorphic curve ~I(t -I) = t -1",I(t) + G ( tf(t ),t), 
~(t -I) = t -Itf(t) + tF( ",I(t -I),t).
We have not yet studied the detailed structure of these spaces, but the interpretation is clear; they are the spaces obtained by the collision of impinging plane waves. This represents a nonlinear superposition principle for nonlinear gravitons.
In order to convince ourselves that we do indeed obtain something new by nonlinear superposition (i.e., not a ppwave), let us consider the special case where
G(r.t) = t -2G(r), F(ZI,t) = F(ZI).
Expanding G and F in a power series and equating coefficients in (26), we can obtain the potential function e of Eq.
(3) explicitly, namely e = .p, G '"(q2) ( p2)4t1> (;,q2) . There are several interesting related questions which arise from our results.
(1) What is the most general self-dual space that can be represented by a (possibly infinite) superposition of ppwaves?
(2) More generally, is there a spectral theory for selfdual spaces?
(3) Which real Euclidean signature spaces can be represented as a superposition ofpp-waves and what is their singularity structure? Are there any nonsingular ones? (4) How do gravitational instantons relate to the general theory?
After this work was completed we discovered a recent work 16 where the nonlinear superposition of pp-waves using the nonlinear graviton was discussed. The nonlinear superposition principle treated in Ref. 16 concerns only pp-waves and no group theoretical treatment is given. On the other hand. we have shown the general validity of the nonlinear superposition principle for self-dual Einstein spaces as arising from the underlying group theoretical nature of the nonlinear graviton.
